
I YEAR-I SEMESTER
COURSE CODE: 7MMAIC2

CORE COURSE-II - ANALYSIS -I

Unit I

Basic Topology: Metric Spaces -Compact sets - Perfect sets - Connected sets.

Unit I
Numerical sequences and series; Convergent sequences, Subsequences, Cauchy

sequences, Upper and Lower limits - Special sequences, Series, Series of non-negative

terms. The number e-The root and ratio tests.

Unit III

Power series Summation by parts - Absolute convergence - Addition and

Multiplicalion of series - Rearrangements

Unit IV

Continuity: Limits of functions-Continuous functions, Continuity and Compactness,

Continuity and Connectedness - Discontinuities - Monotonic functions - infinite limits and

limits at infinity.

Unit V

Differentiation: The derivative of a real function - Mean value theorems - the

continuity of derivatives - L'Hospital's rule - Derivatives of Higher order - Taylor's

theorem Differentiation ofvector-valued functions.

Text Book

Walter Rudin, Principles of Mathematical Analysis, III Edition (Relevant portions of

chapters II, III, IV & V), McGraw-Hill Book Company, 1976.

B0oks for Supplementary Reading and Reference:

I. H.L.Royden, Real Analysis, Macmillan Publ.co., Inc. 4" edition, New York,

1993.
V.Ganapathy Iyer, Mathematical Analysis, Tata McGraw Hill, New Delhi, 1970.

. T.M.Apostal, Mathematical Analysis, Narosa Publ. House, New Delhi, 1985.



Lerseuc asequcne Sn? as folleus
ac Suh hadt

Let n be the smattest posctwe vnbcge

n,eE
Choase , n2* - (k= 2,3,4,.)

et Dke h smalest frtegon ruaten han nk-j uu
Put fCk) = Kng (k- l, 9,3, )we gE a 1

Corespondence bettween E a T
Hence F fs Countable

Hente ttu ProcoDefiniion
Let SE be he Colleckion o4 Selk Bren lhe unio

thesets E fsdefined by e et s
S : xEFe or atleast neaj3

S U E
dEANote

EA where A theseto4all ponive intahen S E
melT4 A =$1,a,-n then

S U m Cor) S= FiUEU... UEn

heintexsection o4 he set Er
Let be the lectHon C the sets then

Jheortensectien thesets EsdetPned by hesetp PS KEEc Forevery«3
P 0 E

EA
Note ! A9B non-empty Aand B intensecs
Note

A
9thenrase hey ane oijotnt
xmple ) Let Ei 1813} and af 3,3,4

Page 1 of 32



Thuoyem 1-3
let A be a Ceruntable sel ardlok, Bn be e Set o

Bn
na a an) where a EA Ck =I,2,3,n and
element a,a an nednot be dustinik lan
Lountable
Proa

we Prove his theorem by Pnduction mat
Tn-

Cearly, A=B en 6 is ountable(

Asume that Bn- ó tountable (n53,-
Caum
The elements Bn ane a{ he fom Cb, a) Whou

be Bn-

Bn is Countable

bE Bn- and aeA FOY every xead b
Theset paPs Cbya) equiva lent

to A
Hena tb, a) fs countable

Thus Bn Ps the unuon o countabe se
Bn Pscoun table

Heha Proved
tBy thn I3

Covollas
The set e4 all vationa nunbers is tuntableProof:
Sina every yatibnal numben the fbla wheve a anddb ne ntegers

he consfden st by tthe set 4 pavsCab) B Ps countable (By thmnCBy thm i-3)
TheSet, 4 ra cHons ba 16 ountable

Hena ProvedTheorem'. I4
1et A be the set eallbeqmenu whose elemensa digit oand I hen A s nountable :T
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x16 *metiesPat and Ecx ien a) E closedEF H E s closed e) FcF for any elased
$et Fc* Suth that

roea Let x be a metric space and Ecx

FCE

weclaim E tAclased
LeE PEx and PE (S

hen P s neithey a point f E noY a limi E

PP has a haighbourhood
hich does not intersect EThe comple memt E oP

Point E

By theo ram
Thus the se t E sopen f its complemen

E closed
Suppase E=E

weclainm Efs closed
Byla) E s clo6ed

is closed

Conversely
suppase

hen every limit point s4E a point 4 E and
by the cdetiniton closure E EUE'

Where E' theset o all linit Point o}Enx

E s closed

FE
)Buppose F closed

Let EcF
Hhen F'cF CEhclosed

E'CF EcF and E'cE

>EVE'CF E'cF
Hena ECF
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Vr rcE for any peE
'ny CE

gve et beopen 1n x and E: boy henper ha Hghihsurhoocd Vpeg
Tius Vp yeEE Aopen relaive oDeyfniio Om toKe

B'y an
ean tolleet.wA a ceollettlon sG 7 cj open fubset buh hat

ppcn Covey a set E in a metfe 8pau X, we

Fe Ub
SubcoveDtoon

A ub co llectlon ? bohfch i1self ban open ov
s called Subcoren

4inition Conmpac niIyo 1
A Stubse k cya metric pate k Aud to be

Co:peac7{ eveny oponcova e ktontains o frule
Ge) Tf ,S? an open coven 7 f thern

tfou 2 fuutey many ndica uth ha

heovem13
Art cs?eppese kcycx lhen tis lornpatt relativa to X If

k fs com pact relalive toYy

et kCycxPoe Suppose khompact Yelative tobx

CveClaim k s cOmpact rela tive to Y
Let be a collectfon set open volative to y

such thaf kcy Ve

B Eheovem 1-12 Suppose Ycx, A Buhset E04 Y

open elative toy HE = Yn for some, pen
Subset G xa. The setu i epen ehative ko x.
3uch tnal VY06inYd

sTnce k is tompact relae to X, then we hav
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kc , . UGtn, for some Chofce oj tPnital,

many fndices a 2 *n

in te kcy then we haves

k cGI U G U. U Gin

13
ke Vt, UVA2 U. U VGTan

ene k 8 dompa ot ela Hve t

e claum fs compaut rela Hive to y
Let S} be a collectton epon subsetsc* uhevey k tot h

then k c e, u V U.. . U Va will held fa.eme Dhoie e 12
Srn V C* Ehen e have

kc Vi UV - .U Van

Hena k FAcoma ct rela ive Eo X
Theorem l*14

TCompa cé Subsets metric space ale Closed
Proot let k has Cempatê Subset q a metri |
pa ceX

we tlauin: TA Closed

fe) Toove that the complement ak s
open Suset o x

let pex
than Pk and let qék 3

let Va and Wa be the netghbourhoo pand
espective radius len Ban Y dcP,

STna b compact then thre enist a frnitekmany points a'k
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Let cH
hen thcre enist aneighbou rhovd }
Tacdii suth that Wi CGi (ir1,4. n)

lot renin ( s m)
Letr be ta heighlourherd radus r

Then Nc aj for uR, n

e) C H
H isopon

torany frith colletion ,92 an
uun toronet 6 open
d)Let 1,, th,. tn te a tolletkiono4 lose4

Sets

Ana F; cdoed Ci=l,0,---n
FrisapenBy bheovem

Forany allection 1 -b1n 0 opan
Gin open

n

Fi clozed
Thus doranyfinis leiin Frs E -.. , F tosazclosed

Destniticn

ho metriespoce T ECx and i Edents thesets all limit PointsFinx then the dosure G E set E- EVE
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tokch A a é to i not Covved b ang
4init ubcotlection G

Hena k-att s compattThecr en 2
Heine Borel theorama set E n rk has ene on the fellotolngstue

cPropeulhis han t has lite ethe two ta)Eb closed
and bounded Cb) Es tompatt. (C) Evey nfuu
subset E has a lt mit poirt inE

then E CI, or some k-all tAT

Suppose E closecd ancl heuncded

By theoem 20o
Ever k-Call fs Compact

Hence E Î tompact

Suppcse E Compact

ueLlatm:" evey nfraite subset E has a lint

Point inE By theorem 17

rf E is an Inflnite Aubset qa pact set k

then E has a mit pofn& fn *

Hene evezy întunit subset E has a unit
pofn fh E

Ca
c9uppose evety tngult ubset F has a inil

petn ihE
lwe laum E t%clased and bounded

Suppose EPs not bounded

hen E contains a points n toith n />n

cn=l,)Hen tho set Scontains tiex pen4

an nfiile lai.
i177 has he luiu point,jE

Cheih is,a3< to evey

has a unul betnt InE

fntout kset ogi
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TFieerem s compattTFieeremI90
APT

letTn censislug al Poin s(*, *. 2

22
o Po Lef T be a k-ell

that aj s*j hj. C'<JE)

Suppese k-all is nod compatt then theu eust an

epen cove7 ,SC eyr ohich ton tains no tirsl
subcover

l plt e. cajky)/

hen -Jls8

The inteveals af, c] and [cj.b] than Bhe

detexminds k-ceils i cohose Luton I

tleast ene these ses aj Cell iE T

KS Can not be covered by any fuute stub aoll etion

Cue next Stb cl?vide I and Continte u
Precs, we gct

a)
b)Th ls not Covered by any fin'te sitbcolletto

rx e Tn andyeTh Hhen /x-z}42
By ca) and theorem 119,

cula
let k be bre poñitiyo hteens t In7 is akauen

4kal uth thot Th Ti Cn, 9.-.) un
I non- emply

Tlen bere exst. a pofnt-n"okieh lis h

eV 1)*eG r6ome

Gt s epen then that ënisE >o such

19-*72r >ye 6u

s
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No by Chi) v tafäs bien ndueion hypethesa and

fh constrtet ta/n proceey

o V ssclocd anad betnded
i). Vn (ompa

A Kn f kn4| nopeinl 4 p lies in n
e)kncs knb emp

y ci) and kn> kn+ By ci
Whith is cetradichon scts sueh ha

Cn1kn Fn+1

leence P is wntauntable
h en kin is hon- pty

Note
Every fnterval Ta b/ é wnountable n patiteslan

et all7eal nunber i untountable.Defnuien Cantor set u
LetE be tha Fntev val [o, Remave the Segment4:
and let E be Ete non q tke intervals [o, A) L
Rcmoved themidolle thords these ilbvals, and letF be tte wnon e tte Citevals and let E
be tue wnion these èntëvals Co,h) Thaa Thnweobtain asequenlts', top

let-

Set En Such that

h) En t wnbn ntervals each
-neryth3 heset P=tn called canterset

Detiniaon
Ts terfect 7f £ closed and eveya

oint qE ba linit ont }E
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horem-11

le Ebe a on epty set P veal humbers ushcA

above let y= Sup F then yYeE kenaJeE PE
closed
Pro bosLet E bea non-empky set real nuumbe

E which is koundad
asovlet ye sup E

Calum YeE 16ARsune fhat y¢E
For any h>o, then thene envt apofn *EE K

.

y-h x Hence y-h s an uppet b0wd E

yFsa lTmit Poînt E
Hena yeF F YEE and y eEyhe eh

Detnition

Let xbe a metricspaa and Let Fc ycŠ Eüo
velztive o Y 7f to each PEE hen thvru erie
uth that CP)<?

AP11wTheorem /2smsuppese f Cx Auhsat Foq y is open ralaHre ko Y i
E = Yn G for some 0pen Subsot h K

Stuppose Ycx and E A open rolative toy

then Ecyex
TO 2ach PEE then tiree est Tp>o

Buchhat d CP.) <p Er

Let Vp be the set z all er Budh hat

odcP)<p Let G= U Vp
PEE

Tren &is 0penset * C by úuorem i4
we Claun

TEvey neighbouvhood fs an open set and for ay uplea

in q epende o open

PeE tls dean that
Byou Choice Vp we have2

ine PE VP

FCGOy
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By ticerem o
EVey -ell compott
T Is Compact

By heorem l1 Eo FC R The folloioing cUTe eguino
nta)F closcd and bounded

tb)E Ts Compott 2
(C)Every in finite subset ee E has a lmit peint in

E E ha5a lrmi poin 'h R

Perfect setsPeiniton Countable
let T denete theset t all posttive tntegois Aset

A s Satd to be Lowntable fura erat a
6ne o one map rom A toJ

P: .4 in Rthen P
Thcorem : /23

Le.P be a nenEmpt Perfect set in r* ten P
Luntont able D- ai-

let P hea non-emP Perteet set in RE
SIne has a limt peind andp must be

Phoe

Inginik we (larn, Pistuntetentable
Suppase Ps CEuntable Say P ,apaj 3n
lety e ainy neighbeishocol

YER Sueh that 1y-e
Theclosure z, heet qall YeRE

Suth that 1y-, £r

Sup pese Va has becn tonstnuked bo that
Vn np non empy.

ne every point Púa nil zoint P and
reighkovhocd Vnt suth that

i) ah Vn+i
) VnP non-emply
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1Jot P bea limit point e theset E
claim Everg neighbourhecd P tontains infe

Every
many poin t f E

Suppose there is aneighbourhood *which contains only a finite nunber 4 poinE FELet a n be bhose points NaE nhichi dishnt rem P
put r= min (i Sm en) d cP, vm)

Bince P#ar ,dtP)20 or all i=12.

(11
e) The neighbourhaod NP) tontains no points GE

suth Bat AfP
Pis not a limit point o E

whh s lentradiction to owr amumphon

Hente evey nughbourhood e Pwntauns tuuhl
many point E

Corollav:
A inil Point get has no limit Point

Theovemhe
a fintlee SE} be a fiul lov) urfuiut totlecim f seta

F thn E«)° = (Ex)
Let e( yE«)

xyE
Pvoe

le) XEfor ang d

E E For avery

E n (Ex)

NOu Let EEa
io) ve E Fove very o
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FOY Qny olleckionF
0 closed sets

closcd
For any Funtt Cotlection ,42r.. n open *a

For any inile Collecten Fisa,... Fn 02 doked Peb

Fi clocd 13)
Let } be a coleckion 9pen 4ea

pro
Let Gi U G

hen e tr some *

Aine fs an intenior Ppoint a
HCn te or any tollecion S b} o4 pen sez

open

Let f<} be a collecbion e4 closed ses

By Eheorem 7

Aina Fis closed, fe) F s open

By heorem
For any collection 'a? 9pensets

le) UF Open

E ikopen

6inte( f) sepen l:by ]

for Hente s closed

Thus any collebion E? Closed s 0ETs
closed

Let G,, 62,. n be acollection o open Sels

LetH n;
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NO d )-/-21
/x-yl+ 19-z

dry) 4dty,=)
.dtz) dx9) +d (97

c)

y) Sa tafics the three Condeliens

h tric
d ry % metrie

Hemank Cash)Sx er a<rebg

Ta SxeR a ez <h

Cab) rER asn2hj

C Sx eR ac £h
k-ll

pefunetien
Tajbi #or i=l,4,.. k he sot all Pornts

(> Xa, k) n rk whose to-orclinaús
SautiaSaial the inegualilis as*£ Cs i2)
18Called a k-a
Kemauk all s an înterval

2- Cell an ectagle
open Ball

T*ER* and r>o then open ball B with
ente atx and radusb defined t

Blx7) yerk: 1y-x/er

Definiion

peiniHon Closecd Bal

T4*epk ardr>o the closed ballBuol
Center at x and radius Ps dejined by
B - ?y ERt /y-s
Definition Convex

A set ECR Bsaid toe Cenvex
Ax +Ci-A yEF Where e E yeE and0-and 0cA4
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enoted by Evi) The Complement }*E ( hoted bys

theSet all points PEX Such that

PE
vili) PoirE P perfect if E ts closed and f evey

o4E Pa limit Point e EE

nd a point er suth that d cP;)¢m fo
E Ps bounded 14 there b a real numbet m

(1)all PEE

)E Ps ca led densesef înx 7 every Pon
a lmit point oE vr) a point } E Or bo

TheDrem s
2mEveryEvery neighbottrhcod Ps an open set

let f=Nr [P) be a netghbourhoo4
E Ny(P) dcPa) 2r

dcP)= -Then theve exPst a real humben h suth bfol,

Proo

Let e

dcpar) r-A forall Pointb 3 such thato CP,S)<h Now, dCp,s) d cP,) dc9,s)
*-hth

Hena dcP,s2

e) is an fntorior pint E
Thus E isopenheorenn:.6

Tfp ßa linit Poit asotE lun every
heughbouIhood P ontains nurlzly mary
PonbseE
Pre

E 4 A
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UNIT-I
Basic Topology

Efnitercountable and un tountable Sets
From A to BFunction

Let A and B be non-empty sets eath
elements X Aasoates toTth an, element B

fn Some. manner then 4 s Bald to he Funton

From A +o B ov) mappfng qA fnto B. hen

elements B i denoted y4/ he set C all valus

i called the range 4F
a mage

let A and B be two non-empky Bet _aund

Let f be a maPping n into P 1 EcA

hen the set all elenents ft) fov xEE %

8aLd to be fmage E wnden f denoted by

fCE
2et A and B be two non emPty ds

A into B T4 ECB
3Thvexse Imaa90

and let f be amapping
A into B T4 FCB

Ehen invexse mage E undefls den oted by

by fCe) zEa
,st)eE

"cE) and defPned by

9eB y) fA the set 0 all KEA

fx)=y

4DnjectYe eE A and B be two noh empyAuch that

Funchon AB said to be

thehets
one to ohe FuncHon 14 a whenevej f(rp- fl%)
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then EvE ,,3,4 and

let A = x€R 0412 Fos every EA
Ex yeR: 04yr}

Ehen i) Ex c E # ocx £z<)

Ex =E
XEA

i) Ex is empty
2EA

let ng, n=i,,3 be asequenu Countablesl
Thuosem t2

and Aut S UE, then Ps Cauntahle
n=

Let Every set En e aTranged in a Sequente

ne, k=ia- Consider hese elements as

a 4
s Z32 K33 34

42 X43

Ths ingnit aoray ceniains all element S Arrang
Ethese elemen s n a sequente

4! 132X23 A
Iany two e4 thesets En have clermcrts Tn

These uoil appean more than onte Un (

ltene S T Whore T the set tall th ntegen
Common

8 fs lowntable

Suppose A atmart couwntable and Rorevey dE

B ls atmast Countable

Corollmy

Bput T deA
Then Tis atmost Ceuntable
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w *Ceuntable sets re called enumenatle o)
dwnumerable

* fH¥B ,we also say Brat A and Bhavesame Candinalty nurnben orA andE Can be put U re
to one Coresondance

Prove thiak ha set 04 all integer z' tountable
Peof

whee z So, t1,t2t***J
and J,3,.3 we can define the qunciton' From

Clain: zJ

T o z b fen):" iseven
fn fsocdd

Then f' has a one toone coa desponolente ketuween Jund 2 Hen z is Countable
Remank *A finik setcannot be eguivalen bo ene u
Pope 6ubsets

A finilk 1f a°isequivalent to ane ds
Poopen ubsets

4The terms the daquen
A Function Y' defined on the efs T qall

srtive teger y ftn)=nfor al nes hen the
Aequente clenoted by the symbol Kequente tn9 D

Tievalue t*ne called e tem e

|ha aquonteT A is aset and if n C A JoY al neT
Then n3 saLd to be a sequunte n A ) aScquonte

clenent A4

Note The tevms K11z, Kg... cauente ned not

becistinc
Theo rem 1EvenyEveny fnffnih subset a Ceuntab le sel A

Ceuntable
proo Let ECA 'and E f fuite

Anarte the elemertts x o}A n a scqucnte Szn7
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en balloen ball are tonvex Let xE Bx,) ze 6()

ye B)19-«/ <r
ze B (7 lz-x/er

na ocAeI

NoW

aytCl)z-z} =| AytA* - A +Cl-A)z -*]
IAy-x) t Ci-A) lz-*)

à lg-x/ +C1-A) /z-al
2 dr+Cl-AY - tr.

AytCi-A)Z -x) 2r

AY+C1-A)z e BCX/7)

D open ball 6 are Conve*

) closed balls re con vex
5) -colls are tonvex

Some DefiniHon
i A neighbourhood apoînt p is aset

N Cp) odefined by cp)=f a:dtp/a)47j
Tha number I' zcalled the adus Ny P)

i) Afornt 'p' % a Imit pofnt 2 he set Ef
eyey heghbourhocd P contains 'a poîntE 9tP
Buch that 9€E

)zf PEE andP' s not a limit pont ozE

|Ehen p S Calkd an bolatad pofnt dfE

Lvery

)E clased ?4overy vn?t polnt EKa

Pbint E
E Opep very Pofnt of E s an fnterlor

v)

Pofnt B E
i) A pont P fs an Intenior Pofnt eE
i)

Ho aa neighkerhood N GP uch that NeE
o
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Forall
sisuJecbive

let Aancd B be two nOn-empty sek he
onto Fn cion

Furction f: A B Psgaid to be onto Funcien

r-fraB
e) Evay element t B has a pre-fmage

n A
Ps both OnGBijecion

T4
One and ono then fs Called a bifectoFuncjonf: A>B božh On

1Euivalent:
T# here erust. a l-I mapping A on

Then ve Say hat A and B ane gui valent

we waLe A vB
remank
Property

Re f lemive: AaA
Symmetric: Tf AaB, hen BA

Theelation has the Followfna

Tansive: T AB and Brc thenthen

Any refletive oih these three Properiti es s calle d
an equiva lente ekation
Countable and wcountable:

For any posijve integer n let Jn*i", ?,
For any set A

A P ffnfte Anor some n
A s înfinite r A is not firte
*A T Countable ff AvJ
A fs wnountable A b neithen firihf20 Countable

ss atmost Ceuntable: A fs firihe
Cuntountabe
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Thtorem 24
p Porfect tou) Cantor i Penfect

Pe 70 show thot Pó penfeet
t k ehough to show that Peotains no 6olatas

oiuts
Le t be any Segmeict contaLnung

Let rep

Nouy hwe Chcose n lange enogh to So that

let In be Hac nterva En which cntains *

Let Rh be a end point In, uth that
n feItfollbws yam the teatruckion P Mth

That n Cp Hete t a linit Pointo4P
Hene p is penec

In Cs
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Hena has atleast Sne imit pont
crem a Sequente74STnj *O Sequerte in tervals in RAuch that

Tn Tn4) Cast,-) then n In h non-empty

Pe let Tinlan rbnJ
let be he set al/ an

then E i6 nen -empty and bounded aboe

letx be the SuP E

mandn au positive integes Thern an £Amgh
n bm

sohat , ze bnm oreach m

Sine i+ i obvious that m S2

Dr me?, n
Hente In is non -empt

Theca em : 19

let k ba a PEsitive integen Tytn? Ts a equene

k-aUSuth that In Tn+ Ch=lr?r-) Then

Tn iA ren-emP
Let k be a positive intag

Tezo beasequen kets ulh 1hat Ih
hexe Cn . )

e djne T 1j- Lanj baj
By thcorepm

4 TA 6 a tequiene t an nterva n R!
Tn STh41 here h=1Such that then

Ih i rien-emP.
For cath theseaienaShJ satefy

e iena, theu eista Yeal humber. xj CILjsk)
Auch that ansj /" < bn.j C1sjs k
CnTra - Novw e kake =ix, z2

eTn orn=tr
Hehte This hen-emEH
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proedlet F be a tountable Suhset A
prood

Let E consist 84 the Sequene S S S3
we Constuc aheauente Is' as ollotos

r} the ndgit fn sn 1a1 en h thdigit eg s in1

Then the Sequent dfjers ron every rumbe

E i atleast plae
Henu S ¢e , b SeA

E a prope1 subset A
Hente every. tountable Buhset*s a Prope

subset C4 A

Hena A uncountable

S Metric Spa 2m
o Anon empy Set x. i6 said oe metric

Spaa 1a function d:xx>r atiszs l
Hollowing Condi'Hons

i) dP,)=o

*

Pe
dCPP=0o

d cPpa) d,p)
)d cPa)£ d(Pr) tdlz,) for every rEx

A real number dtP Catled the ds tane fron
Pto yand ife Fnction d f6 a led a dfstane
Fwnction tor) met e

ENample
Prove hat dex.y)- x-y} wheve y ERs meii
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